Local bond order parameters based on spherical harmonics, also known as Steinhardt order parameters, are often used to determine crystal structures in molecular simulations. Here we propose a modification of this method in which the complex bond order vectors are averaged over the first neighbor shell of a given particle and the particle itself. As demonstrated using soft particle systems, this averaging procedure considerably improves the accuracy with which different crystal structures can be distinguished.
I. INTRODUCTION
In computational studies of crystallization from the undercooled liquid one needs to be able to distinguish particles that are part of the crystal from those that belong to the liquid. Ideally, such an assignment should be based on the local environment of the particles only. One method to do that, which is independent of the specific crystal structure and does not require the definition of a reference frame, is provided by the following algorithm based on spherical harmonics [1] . First, the complex vector q lm (i) of particle i is defined as [2] q lm (i) = 1 N b (i)
Y lm (r ij ).
(
Here, N b (i) is the number of nearest neighbors of particle i, l is a free integer parameter and m is an integer that runs from m = −l to m = +l. The functions Y lm (r ij ) are the spherical harmonics and r ij is the vector from particle i to particle j. Using the set of complex vectors q 6m one can then define the scalar product
which measures the correlation between the structures surrounding particles i and j. The * indicates complex conjugation. Two particles i and j are defined to be connected if S ij is larger than a given value, typically S ij > 0.5. A particle is solid-like if the number of connections it has with its neighbors is above a certain threshold, typically between 6 and 8. If a particle is connected to less particles, it is considered to be liquid-like. Using this criterion to distinguish solid-like from liquid-like particles one can then search for clusters of connected solidlike particles. The size of the largest of these crystalline clustersN is often used as a reaction coordinate to follow the progress of the crystallization process. Provided that this reaction coordinate captures the essential physics of the crystal nucleation, the Gibbs free energy G(N ) calculated as a function ofN provides a means to estimate the rate at which the nucleation of the crystalline phase occurs.
This procedure very efficiently distinguishes between solid-like and liquid-like particles, but does not discriminate between different crystal structures. A set of parameters which hold the information of the local structure are the local bond order parameters, or Steinhardt order parameters, defined as [2] 
Depending on the choice of l, these parameters are sensitive to different crystal symmetries. Each of them depends on the angles between the vectors to the neighboring particles only and therefore these parameters are independent of a reference frame. Different approaches based on these local bond order parameters were developed to analyze the structure of the crystalline nucleus during the freezing event. Especially q 4 and q 6 are often used as they are a good choice to distinguish between cubic and hexagonal structures [3, 4, 5] .
In practice, local bond order parameters are used in different ways. Frenkel and coworkers [3, 6, 7, 8] analyzed the structure of crystalline clusters in terms of order parameter distributions. To do that, they first computed the distributions of q 4 and q 6 for the liquid and for perfect FCC and BCC crystals. Due to thermal fluctuations, these distributions can be rather broad. Then, they determined the distributions of the same order parameters in the crystalline cluster. These distributions are represented as a superposition of the distribution functions of the perfect phases. The superposition coefficients c FCC , c BCC and c LIQ , determinded by mean square minimization, then yield information on the composition of the cluster. For instance, c FCC ≈ 0.5, c BCC ≈ 0.5,and c LIQ ≈ 0 would be indicative of a cluster that is half in the FCC structure and half in the BCC structure.
Another bond order parameter method, used for instance in Ref. [9] , defines regions in the two dimensional q 4 -q 6 -plane and q 4 -w 4 -plane. The crystalline structure around a given particle is characterized by its positions in these planes. The parameter w l necessary for that analysis is defined as
(4) Here, the integers m 1 , m 2 and m 3 run from −l to +l, but only combinations with m 1 + m 2 + m 3 = 0 are allowed. The term in brackets is the Wigner 3-j symbol [10] . Using this approach, one can determine the type of crystalline structure occurring around each individual particle.
As mentioned above, thermal fluctuations smear out the order parameter distributions such that it may be difficult to distinguish local crystalline structures based on Steinhardt bond order parameters. In the following we present a simple method to increase the accuracy of the crystal structure determination by averaging over the bond order parameters of nearest neighbor particles. This averaging procedure is discussed in Sec. II and validated for two different soft sphere systems in Sec. III. Some conclusions are provided in Sec. IV.
II. AVERAGED BOND ORDER PARAMETERS
The crystal structure determination described above can be improved by using the following averaged form of the local bond order parameters:
whereq
Here, the sum from k = 0 toÑ b (i) runs over all neighbors of particle i plus the particle i itself. Thus, to calculatē q l (i) of particle i one uses the local orientational order vectors q lm (i) averaged over particle i and its surroundings. While q l (i) holds the information of the structure of the first shell around particle i, its averaged version q l (i) also takes into account the second shell. One might say that using the parameterq l instead of q l increases the accuracy of the distinction of different structures at the price of a coarsening of the spacial resolution. In this sense, the averaged local bond order parameter is similar to the scalar product of Eq. (2) used to decide whether a particle is in a solid-like or liquid-like environment. Also in that case the second particle shell is effectively taken into account. The averaged orientational order parameterq lm can also be used to define an averaged versionw l of the order parameter w l ,
III. RESULTS
In the following, we verify that these averaged forms of the bond order parameters indeed increase the accuracy of the crystal structure determination. The calculations are done for two distinct systems: one in which the particles interact via a Lennard-Jones potential and one in which the interaction is of the Gaussian core form [11, 12, 13] .
A. Lennard-Jones system
For the calculations of the Lennard-Jones system [14] the temperature was k B T = 0.92ǫ and the pressure was P = 5.68ǫσ −3 , corresponding to 20% undercooling of the liquid phase [6] . The same conditions were used in Ref. [6] to study homogeneous crystal nucleation. This phase point corresponds to a mean density of ρ ≃ 1.05σ −3 in the FCC crystal, which is the most stable phase under these conditions. All simulations were carried out in the isobaric-isothermal ensemble, but calculations at constant volume for the corresponding densities yielded essentially identical results. The particle number was N = 432 in the BCC crystal, N = 864 in the FCC crystal, and N = 512 in the HCP crystal and in the undercooled liquid. Two particles were defined to be neighbors if their distance was smaller than r N = 1.4σ.
In Fig. 1 we compare the distributions of the local bond order parameters q 4 and q 6 with those of the averaged bond order parametersq 4 andq 6 . Due to the averaging procedure, the overlap between the distributions decreases considerably thus allowing one to distinguish between different structures more precisely. As can be inferred from Fig. 1 , the reduced overlap is due not only to a narrowing of the distributions but also to a shift of the means towards smaller values. While one would expect the order parameter distributions to narrow on the basis of the central limit theorem, one is tempted to attribute the shift of the means to local correlations. To test this speculation, we have artificially eliminated correlations by computingq l from uncorrelated values of q lm generated with the appropriate statistics. Also in this case the narrowing of the distributions was accompanied by a shift of the means indicating that this shift is not due to local correlations between the local order parameters of nearest neighbors but rather originates in the functional form ofq l . Table I and Table II show the mean value and the standard deviation of the distributions of q 4 ,q 4 , q 6 andq 6 , respectively, for all four phases we studied. The standard deviation decreases by a factor of 2-4 in most cases. To quantify the improvement of the averaged order parameter we define the overlap between two distributions 
Here, the indices α and β denote the various crystal structures and N αβ is given by In Table III we summarize the overlap between the distributions of q 4 ,q 4 , q 6 , andq 6 for BCC, FCC, and HCP crystals and the undercooled liquid. In most cases the overlap decreases by several orders of magnitude when going from the local order parameter to the averaged version. One exception are the q 4 distributions of the liquid and the BCC crystal, which have an overlap of nearly 1 even for the averaged order parameter. All phases are, however, resolved very well using two averaged bond order parameters. Figure 2 shows a comparison of the various crystalline and liquid phases as scatter plots in the q 4 -q 6 -plane, theq 4 -q 6 -plane, the q 4 -w 4 -plane, and thew 4 -w 4 -plane. For the averaged version of the order parameters (right) the four phases separate much better. In practice, the separation between BCC and HCP is the most difficult one. In theq 4 -q 6 -plane these two crystal structures can be distinguished easily and also in theq 4 -w 4 -plane they are well separated. When going from q 4 toq 4 the overlap between these two structures decreases by two orders of magnitude (see Tab. III).
B. Gaussian Core Model
For the Gaussian core system, in which particles interact via the pair-interaction v(r) = ε exp[−(r/σ) 2 ] [11, 12, 13], we chose a temperature of k B T = 0.0033ε and pressure P = 0.011εσ−3 at which the thermodynamically most stable phase is an FCC crystal with density 0.11σ −3 . These conditions correspond to the same level of undercooling as that of the Lennard-Jones system described above. All calculations were carried out in the isothermal-isobaric ensemble and the particle numbers for the various crystal structures where the same as in the Lennard-Jones system. The nearest neighbor distance was r N = 3.0σ. Also for the Gaussian core system we find a shift in the mean and a decrease in the width of the distributions (see Fig. 3 ). The mean and the standard deviation of the distributions for the various phases are listed in Tables IV and V, respectively. The overlap between the different structures is shown in Table VI . In most cases the overlap decreases by a large factor, only the overlap in q 4 between BCC and liquid increases. But as in the Lennard-Jones case all structures can be distinguished very well if two order parameters are taken into account (see Fig. 4 ). 
IV. CONCLUSIONS
The averaged bond order parameters proposed in this paper separate different crystal structures more accurately than regular bond order parameters. Instead of using the first shell of surrounding particles only, this method also takes into account the second shell, just as one usually does when distinguishing between solid-like and liquid-like particles (see Eq. (2)). Due to the averaging procedure, the overlap between the order parameter distributions belonging to different phases decreases by up to a few orders of magnitude. The sharper distinction between the different phases is obtained at the cost of a slightly reduced spatial resolution. We demonstrated the enhancement in the crystal structure determination for two systems of soft particles interacting via a LennardJones potential and a Gaussian core potential. For the same degree of undercooling the improvement is similar in both cases. Particularly in theq 4 -q 6 -plane the separation of the liquid phase from the solid phases is pronounced indicating that it might be possible to use this method also to distinguish between liquid and solid particles if only BCC, FCC and HCP structures are expected to be important for the process under study. We expect that the averaging procedure described in this paper lead to similar improvements also for other Steinhardt bond order parameters, e.g., q 8 and w 8 .
